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VIII. PROGRESSIONS AND
PROPORTION.

ARITHMETICAL PROGRESSION.

220. A Series is a succession of quantities or numbers,
connected together by the signs - or —,-in which suc-
ceeding terms may be derived from those which precede
them, by a rule deducible from the law of the series.

Thus, 143454749+, ete,,
2464184544, etc., are series.

In the former, any term may be derived from that which
precedes it, by adding 2; and, in the latter, any term may
be found by multiplying the preceding term by 3.

221. An Arithmetical Progression is a series of
quantities which increase or decrease, by a common differ-
ence. '

Thus, the numbers 1, 8, 5, 7, 9, ete., form an increas-
ing arithmetical progression, in which the common differ-
snce is 2.

The numbers 30, 27, 24, 21, 18, 15, etc., form a
decreasing arithmetical progression, in which the common
difference is 3.

REMARE.—An arithmetical progression is termed, by some writs
ers, an equidifferent series, or a progression by difference.

Again, a, a-}d, a+2d, a+43d, a}4d, a}5d, ete., is
an tncreasing arithmetical progression, whose first term
is a, and common difference d.

If d be negative, it becomes a, a—d, a—2d, a—38d,
a—4d, a—bd, etc., which is a decreasing arithmetical pro-
gression.
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222. If we take an arithmetical series, of which the
first term is @, and common difference d, we have

Istterom = . . . . . . a;
2d term =I1st term 4d=a+4 d;
38d term =2d term d—a--2d;
4th term —3d term -}d—a-+8d; and so on.

Hence, the coéfficient of d in any term is less by unity,
than the number of that term in the series; therefore, the
nth term —a+(n—1)d.

If we designate the n th term by /, we have l—a--(n—1)d.

For a decreasing series we also have l—a—(n—1)d.
Hence,

TO FIND ANY TERM OF AN ARITHMETICAL SERIES,

Rule.—1. For AN INCREASING SERIES.— Multiply the
common difference by the number of terms less one, and add.
the product to the first term.

2. For A DECREASING SERIES.—Multiply the common
difference by the number of terms less one, and subtract the
product from the first term.

1. The first term of an increasing arithmetical series is
3, and common difference 5 ; required the 8th term.

Here [, or 8th term, =8 (8—1)56—=3135=38, Ans.

2. The first term of a decreasing arithmetical series
is 50, and common difference 3 ; required the 10th term.

Here Z, or 10th term, —=50—(10—1)8—=50—27—=23, Ans.

Review.—220. What is a series? 221. What is an arithmetical
progression? Give an example of an increasing series. Of a de-

creasing series. . .
222. Rule for finding the last term of an increasing arithmetical

geries. Of a decreasing series. Prove these rules.
1st Bk. 19%
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In the following examples, & denotes the first term, and d the
common difference of an arithmetical series; d being plus when
the series is tncreasing, and minus when it is decreasing.

8. a=38, and d=5; required the 6th term. = Ans. 28.
a=", and d=} ; required the 16th term. Ans. 10j.
a=2},and d=} ; required the 100th term. Ans. 35%.
a=0, and d_1 ; required the 11th term.  Ans. 5.
a=380, and d=—2 ; required the 8th term. ‘Ans.16.
a=—10, and d=—2; required the 6th term.
Ans. —20.
9. If a body falls during 20 sec., descending 164 ft.
the first sec., 48] ft. the next, and so on, how far will it
fall the twentisth sec.? Ans. 6271 ft.

® T o b

2238. Given, the first term a, the common difference d,
and the number of terms #, to find s, the sum of the series.

If we take an arithmetical series, of which the first term is 3, com-
mon difference 2, and number of terms 5, it may be written in the
following forms:

8, 5, % 9, 11,
11, 9, 7, 5, 3.

It is obvious that the sum of all the terms in either of these lines
will represent the sum of the series; that is,

8= 8+ 64 7+ 9411

And 8=114 94 74+ 54 3
Adding, 28=14+14+14414414

=145, the number of terms, =70.
Whence, 8=% of 70=85.

Now, let /= the last term, and 2= the number of terms. Writ-
ing the series as before,
s=a+(atd)+(a+2d)+(a+3d)+ . . . +1
And 8=l +(! —d)4+(I —2d)4+(!—3d)+ . . . +a
Adding, 2s=(l+-a)+(+a)+(+a)+(@+a) . . . +(+a)
Hence, 28—=(l4-a)n, and

8=(l+a) ;ﬁ ( %E’ )n Hence,
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TO FIND THE SUM OF AN ARITHMETICAL BERIES,

Rule.— Multiply half the sum of the two extremes by the
number of terms.

From the preceding, it appears that the sum of the ex-
tremes is equal to the sum of any other two terms equally
distant from the extremes.

Since I—=a-}- (n—1)d, if we substitute this in the place of
! in the formula s— (z+a)g, it becomes s = (2a +

(n—1)d) ’23 Hence,

TO FIND THE SUM OF AN ARITHMETICAL BERIES,

Rule.— 7o twice the first term, add the product of the
number of terms less one, by the common difference, and mul-
tiply the sum by half the number of terms.

1. Find the sum of an arithmetical series, of which the
first term is 8, last term 17, and number of terms 8.

8=(3—_,-21--'—r )8:80, Ans,

2. Find the sum of an arithmetical serics, whose first
term is 1, last term 12, and number of terms 12.
Ans. 78.

8. Find the sum of an arithmetical eeries, whose first

term is 0, common difference 1, and number of terms 20.
Ans. 190.

4. Find the sum of an arithmetical series, whose first

term is 3, common difference 2, and number of terms 21.

Ans, 483.

Review.—228. What is the rule for finding the sum of an arith.
metical series? Prove the rule,
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6. Find the sum of an arithmetical series, whose first
term is 10, common differencc —3, and number of terms 10.
Ans. —35.

224. The equations, l=—a4-(n—1)d
=(a+)g
farnish the means of solving this general problem :

Knowing any three of the five quantities a, d, n, I, 3, which
enter into an arithmetical series, to determine the other two.

This question furnishes ten cases,- for the solution of
which we have always two equations, with only two un-
known quantities.

1. Let it be required to find @ in terms of [, =, d.

From the first formula, by transposing, we have
a=l—(n—1)d; that is,

The first term of an increasing arithmetical series s equal
to the last term diminished by the product of the common
difference tnto the number of terms less one.

From the same formula, we find d:ﬂf_—; -

In any arithmetical series, the common difference is equal
to the difference of the extremes, divided by the number of
terms less one.

that is,

223. By means of the preceding rules, we are enabled
to solve such problems as the following:

Review.—224. What are the fundamental equations of arithmeti-
cal progression, and to what general problem do they give rise ?

224. To what is the first term of an increasing arithmetical series
equn{‘; To what is the common difference of an arithmetical series
equa.
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Let it be required to insert five arithmetical means be-
tween 3 and 15.

Here, the two given terms with the five to be inserted make seven.
Hence, n—=7, @=3, (=15, from which we find d=2. Adding the
common difference to 3 and the succeeding terms, we have for the
series 3, 5, 7, 9, 11, 13, 15.

If we insert the same number of means between the consecutive
terms of a series, the result will form a new progression. Thus,

If we insert 3 terms between the terms in 1, 9, 17, etc., the new
series willbe 1, 3, 5, 7, 9, 11, 13, 15, 17, etc.

1. Find the sum of the natural series of numbers 1, 2,
8,4, ... . carried to 1000 terms. Ans. 500500.

2. Required the last term, and the sum of the series,
1,8,5,7, ....to101 terms. Ans. 201 and 10201.

3. How many times does a common clock strike in a
week ? Ans. 1092.

4. Find the nth term, and the sum of n terms of the
natural series of numbers 1, 2, 3, 4, . . . .
Ans. 2, and in(n+41).
6. The first and last terms of an arithmetical series
are 2 and 29, and the common difference is 3; required

the number of terms and the sum of the series.
Ans. 10 and 155.

6. The first and last terms of a decreasing arithmetical
series are 10 and 6, and the number of terms 9; required
the common difference, and the sum of the series.

Ans. } and T2.

7. The first term of a decreasing arithmetical series
is 10, the number of terms 10, and the sum of the series
85 ; required the last term and the common difference.

Ans. 7 and .

8. Required the series obtained from inserting four
arithmetical means between each of the two terms of the

series 1, 16, 31, etec. Ans. 1,4, 7, 10,13, 16, ete.
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9. The sum of an arithmetical progression is '72, the first
term is 24, and the common difference is —4 ; required the
number of terms. Ans. 9, or 4.

This question presents the equation n?—13n——36, which has two

roots, 9 and 4. These give rise to the two foilowing series, in each
of which the sum is 72.

First series, 24, 20, 16, 12, 8, 4, 0, —4, —8.
Second series, 24, 20, 16, 12

10. A man bought a farm, paying for the first A. §1, for
the second $2, for the third §$3, and so on; when he came
to settle, he had to pay $12880; how many A. did the
farm contain, and what was the average price per A.?

Ans. 160 A., at $80] per A.

11. If A start from a certain place, travelmg a mi. the
first da., 2a the second, 3a the third, and so on; and at the
end of 4 da., B start after him from the same place, travel-
ing uniformly 9e mi. a da.; when will B overtake A ?

Let z— the number of da. required; then, the distance traveled
by A in z da. =a-+-2a+-3a, ete., to Z terms, —}ax(z+1); and the
distance traveled by B in (z—4) da. =9a(z—4).

Whence, jaz(z+1)=9a(x—4). From which 2=S8, or 9.

Hence, B overtakes A at the end of 8 da.; and since, on the ninth
da., A travels 9a mi., which is B’'s uniform rate, they will be to-
gether at the end of the ninth da.

12. A sets out 3 hr. and 20 min. before B, and travels
at the rate of 6 mi. an hr.; in how many hr. will B over-
take A, if he travel 5 mi. the first hr., 6 the second, 7 the
third, and so on? Ans. 8 hr.

13. A and B set out from the same place, at the same
time. A travels at the constant rate of 8 mi. an hr,
but B’s rate of traveling is 4 mi. the first hr., 3} the sec-
ond, 3 the third, and so on; in how many hr. will A over-
take B? Ans. b hr.

Review.—225. How do you insert any number of arithmetical
means between two given numbers? :
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GEOMETRICAL PROGRESSION.

226. A Geometrical Progression is a series of terms,
each of which is derived from the preceding, by multiply-
ing it by a constant quantity, termed the ratio.

Thus, 1, 2, 4, 8, 16, etc., is an increasing geometrical
series, whose common ratio is 2.

Also, 54, 18, 6, 2, etc., is a decreasing geometrical series,
whose common ratio is }.

Generally, a, ar, ar®, ar®, etc., is a geometrical progres-
sion, whose common ratio is », and which is an increasing
or decreasing series, according as r is greater or less than 1.

It is obvious that the common ratio will be ascertained
by dividing any term of the series by that which pre-
cedes it.

227. To find the last term of the series.

Let @ denote the 1st term, » the ratio, I the nth term,
and s the sum of n terms; then, the respective terms of
the series will be

l' 2' 3, 4, 5 « a » . n_8) n_2! n—ll n
a ar,ard, ard, art . . . . ar™, ar-, ar, ar.

That is, the exponent of » in the second term is 1, in the
third 2, in the fourth 8, and so on; the nth term of the
series will be, l=ar"~. Hence,

TO FIND ANY TERM OF A GEOMETRICAL SERIES,

Rule.— Multiply the first term by the ratio raised to a
power, whose exponent is one less than the number of terms.

1. Find the 5th term of the geometric progression, whose
first term is 4, and common ratio 3.
I=4)¢8=481=324, the fifth term.
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2. Find the 6th term of the progression 2, 8, 32, ete.

Ans. 2048.

8. Given the 1st term 1, and ratio 2, to find the 7th
term. Ans. 64.

4. Given the 1st term 4, and ratio 3, to find the 10th
term. Ans. 78732.

5. Find the 9th term of the series, 2, 10, 50, ete.

Ans. 781250.

6. Given the first term 8, and ratio }, to find the 15th
term. Ans. !Blra--

7. A man purchased 9 horses, agreeing to pay for the
whole what the last would cost, at $2 for the first, $6 for
the second, etc.; what was the average price of each?

Ans. $1458.

228. To find the sum of all the terms of the series.

Let @, ar, ar?, ard, etc., be any geometrical series, and 8 its sum;
then, s=a+tartariyard . . . . . Har4ar!
Multiplying this equation by 7, we have
re—ar4ari4arifart . . . . Har-4art

The terms of the two series are identical, except the first term of
the first series, and the last term of the second series. BSubtracting
the first equation from the second, we have

rs—s—ar*—a

01‘, (r—l )8 :G(T‘—-—l)
Hence, 8:‘%_11)
Since !—ar™, we have ri—ar®
ar"—a rl—a
Therefore, =g =771 Hence,

Review.—-226. What is a geometrical progression? Give ex-
ample of an increasing geometrical series. Of a decreasing. How
may the common ratio in any geometrical series be found ?

227. How is any term of a geometrical series found? Explain
the principle of this rule.
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TO FIND THE SBUM OF A GEOMETRICAL BERIES,

Rule.— Multiply the last term by the ratio, from the prod-
uct subtract the first term, and divide the remainder by the
ratio less ome.

1. Find the sum of 10 terms of the progression 2, 6,
18, 54, ete.

The last term =239 =2 % 19683=—39366.

ir—a 118098—2
8= r—1 ] 31 :"_-59048, Ans,

2. Find the sum of 7 terms of the progression 1, 2, 4,

eto. Ans. 127.
8. Find the sum of 10 terms of the progression 4, 12,
36, ete. Ans. 118096.
4. Find the sum of 8 terms of the series, whose first
term is 6}, and ratio §. Ans. 30744}.
5. Find the sum of 3441463, ete., to  terms.
Ans. 39%.

If the ratio # is less than 1, the progression is decreasing, and
the last term /7 is less than @. To render both terms of the fraction
positive, change the signs of the terms, Art. 132, and we have

o a—rl
1—r

ereasing.

, for the sum of the series when the progression is de-

6. Find the sum of 15 terms of the series 8, 4, 2, 1,

ete. Ans. 153842,
7. Find the sum of 6 terms of the series 6, 4}, 88,
ete. ) Ans. 19373

Review.—228. Rule for the sum of the terms of a geometrical
series. Prove this rule. When the series is decreasing, how may
the formula be written so that both terms of the fraction may be
positive?
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229. In a decreasing geometrical series, when the

- number of terms is infinite, the last term becomes in-
Jfinitely small, that is, 0. Therefore, /=0, and the formula

a—rl a
=i becomes =i Hence,

TO FIND THE SUM OF AN INFINITE DECREASING SERIES,
Rule.— Divide the first term by one minus the ratio.
1. Find the sum of the infinite series 1414}, ete.
Here, a=1, r—3}, and hfg_rzllq-_-%% Ans.

2. Find the sum of the infinite series 1434143+, ete.

Ans. 2.
8. Find the sum of the infinite series 94644}, eto.
Auns. 27.
4. Find the sum of the infinite series 1—} 43—+,
eto. Ans. .
5. Find th s bl serien 140 4sim
. ¥ind the sum of the infinite series +;,+ m‘+;‘ ’
eto. x?
Ans. 'z—._—'i.
6. Find the sum of the infinite geometrical progression
b b b . . . .. b
a—b—{—; ——a;+;'-—, ete., in which the ratio is ——
a‘
Ans. —w

7. A body moves 10 ft. the first sec., b the next, 2} the
next, and so on forever; how many ft. would it move
over ? Ans. 20.

REVIEW.—229. Rule for the sum of a decreasing geometrical
series, when the number of terms is infinite. Prove this rule.
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2830. The equations, /—ar™*, and s=a:"—-ia farnish
this general problem :

Knowing three of the five quantities a, r, n, I, and s, of a
geometrical progression, to find the other two.

This problem embraces ten different questions, as in
arithmetical progression. Some of these, however, involve
the extraction of high roots, the application of logarithms,
and the solution of higher equations than those treated of
in the preceding pages.

The following is one of the most simple and useful of
these cases:

Having given the first and last terms, and the number of
terms of a geometrical progression, to find the ratio.

/4 4
Here, {=ar™’, or r"".—;a. Hence, r="-‘-d ( 7 )

1. The first and last terms of a geometrical series
are 3 and 48, the number of terms 5 ; required the inter-
mediate terms.

. Here, Z=48, a—_-3, n—1=56—1=4.

Hence, r=ty/4p=14/16=2.

2. In a geometrical series of three terms, the first and
last terms are 4 and 16 ; required the middle term.
Ans, 8.

In a geometrical progression of three terms, the middle term is
called a mean proportional between the other two.

8. Find a mean proportional between 8 and 82.
Ans. 16.

4. The first and last terms of a geometrical series are
2 and 162, and the number of terms 5 ; required the ratio.
Ans. 8.



